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Rectangular drawings and rectangular duals can be naturally extended to other surfaces. In
this paper, we extend rectangular drawings and rectangular duals to drawings on a cylinder.
The extended drawings are called rectangular-radial drawings and rectangular-radial duals.
Rectangular-radial drawings correspond to periodic rectangular tilings of a 1-dimensional
strip. We establish a necessary and suﬃcient condition for plane graphs with maximum
degree 3 to have rectangular-radial drawings and a necessary and suﬃcient condition for
triangulated plane graphs to have rectangular-radial duals. Furthermore, we present three
linear time algorithms under three different conditions for ﬁnding a rectangular-radial
drawing for a given cubic plane graph, if one exists.
© 2010 Published by Elsevier B.V.
Introduction
A planar drawing of a graph is a drawing in the plane such that no two edges intersect geometrically except at a common
vertex. A planar graph is a graph with at least one planar drawing. An embedding of a graph is a cyclic ordering of the edges
incident to each vertex of the graph such that the graph has a planar drawing for which the edges incident to each vertex
appear around the vertex in the same order as in the embedding. A plane graph is a planar graph with a ﬁxed embedding
and a plane-embedded graph is a plane graph with a given face designated as the outer face. Let f be a face of a plane graph
G and let C be a cycle of G . An f -leg of C is an edge of G that does not belong to C but is incident to C and lying on the
same side of C as f . A chord of C on the same side as f is counted as two f -legs.
A rectangular drawing of a plane graph G is a planar drawing of G such that each edge is drawn as a horizontal or vertical
segment and each face is drawn as a rectangle. Every graph with a rectangular drawing is biconnected and has at least four
vertices of degree 2 on its outer face. Most of the work in this area has been conducted on graphs with vertices of degree
3 except for the four vertices of degree 2 on the outer face. Thomassen [13] proved a necessary and suﬃcient condition for
these graphs to have rectangular drawings. Rahman et al. [10–12] studied the problem on graphs with vertices of degree
2 and 3, and found necessary and suﬃcient conditions to check, in linear time, whether these graphs have rectangular
drawings. The next theorem, due to Rahman, Nakano and Nishizeki, characterizes plane-embedded graphs with vertices of
degree 3 except for four vertices of degree 2 on the outer face which have rectangular drawings.
Theorem 1. (See [10].) Let G be a biconnected plane-embedded graph with vertices of degree 3 except for four vertices of degree 2 on
the outer face, and let f be the outer face of G. Then G has a rectangular drawing iff both of the following conditions hold:
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Fig. 2. A rectangular-radial drawing rolled out into a rectangular tiling.
1. Every cycle C that has exactly two non-chord f -legs contains at least two vertices of degree 2.
2. Every cycle C that has exactly three non-chord f -legs contains at least one vertex of degree 2.
This theorem is the fundamental theorem used for achieving all other results on rectangular drawings. We will also use
the theorem to prove the main theorem of this paper. Miura et al. [9] found an O (n1.5/ logn) algorithm for plane graphs
with maximum degree 4.
An ortho-radial grid is a grid composed of concentric circles and half-lines starting at the center of the circles [3]. In
the present paper we extend the concept of rectangular drawings to this grid. In an ortho-radial grid, a radial segment is a
connected part of a half-line that does not include the center S of the circles, and a circular segment is a connected part of
a circle. In an ortho-radial grid a rectangle is a closed curve consisting of two non-zero length circular segments and two
(possibly coincident) non-zero length radial segments. A rectangular-radial drawing of a plane graph G is a planar drawing
of G such that each edge is drawn as a single radial or circular segment and the boundary of each face is drawn as a
circle or rectangle (see Fig. 1). Rectangular-radial drawings are topologically equivalent to drawings on a cylinder. In [2]
rectangular drawings are extended to drawings on a sphere. The results of this paper are key steps towards drawings on the
sphere.
Depending on the position of the point S , rectangular-radial drawings are divided into two classes. If S is in the outer
face, the drawing is called type-1 otherwise it is called type-2.
In a type-1 rectangular-radial drawing, the boundary of each face is drawn as a rectangle and so every type-1 rectangular-
radial drawing corresponds to a rectangular drawing. It follows that the necessary and suﬃcient condition of Rahman et al.
characterizes type-1 rectangular-radial drawings. Therefore, we focus on type-2 rectangular-radial drawings.
In a type-2 rectangular-radial drawing, the internal face containing S is called the inner face. The boundaries of the inner
face and the outer face of a type-2 rectangular-radial drawing are drawn as cycles and the boundaries of the other faces are
drawn as rectangles.
Several types of graph may have type-2 rectangular-radial drawings even though they do not have rectangular drawings.
These include graphs with bridges (see Fig. 1) and graphs whose some faces have fewer than 4 edges. In the latter case,
only the inner face and the outer face can be short (see Fig. 1).
When a type-2 rectangular-radial drawing on a cylinder is rolled out, it becomes a periodic tiling of a one-dimensional
strip by rectangles, as illustrated in Fig. 2. This is likely to have applications in the layout of periodic circuits, see [8].
Considering a plane graph G , we raise the following questions related to rectangular-radial drawings of G .
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1. Given faces f and h of G , does G have a rectangular-radial drawing with outer face f and inner face h?
2. Given a face f , is there a face h such that G has a rectangular-radial drawing with outer face f and inner face h?
3. Does G have faces f and h such that G has a rectangular-radial drawing with outer face f and inner face h?
Each vertex of a plane graph with a type-2 rectangular-radial drawing has degree at least 2 and at most 4. The angle at
a vertex of degree 2 in the drawing must be π , so these vertices do not have any effect on the shape of the drawing. In
consequence, theorems about rectangular-radial drawings of graphs with no vertices of degree less than 3 can be applied
with trivial modiﬁcations to graphs with such vertices. We will not mention this point again except where it becomes
necessary in the algorithms.
In Section 2, we will prove a necessary and suﬃcient condition for a cubic plane graph G with two faces f and h to
have a rectangular-radial drawing with outer face f and inner face h. This answers question (1) for cubic plane graphs. The
ﬁrst algorithm given in Section 4 implements the necessary and suﬃcient condition in linear time and ﬁnds a drawing if
there is one.
In Section 3, we deﬁne the concept of rectangular-radial dual on an ortho-radial grid. Rectangular-radial duals are
a straightforward extension of rectangular duals. A rectangular-radial drawing of a biconnected cubic plane graph corre-
sponds to a rectangular-radial dual of the dual graph. In this section, we establish a necessary and suﬃcient condition for
a triangulated plane graph to have a rectangular-radial dual, and using this condition we answer questions (2) and (3). In
Section 4, we give linear-time algorithms to answer these questions.
In Section 5, we conclude the results and give plans for further work.
1. Preliminary remarks
1.1. Basic deﬁnitions
In this paper we consider graphs that may have multiple edges and loops.
Two faces of a plane graph are called adjacent if they have at least one common edge.
Let G be a plane-embedded graph. A face of a plane-embedded graph G is a bicycle face if it consists of two disjoint
cycles connected by an edge such that one cycle is in the interior of the other cycle (see Fig. 3).
Let G be a plane graph. A cycle of G with length k is called a proper k-cycle if it is not the boundary of a face. If v is a
vertex of G then Link(v) is the subgraph of G induced by the neighbors of v . Subgraphs of G are assumed to inherit their
embeddings from that of G . Let C be a cycle of G and let x and y be two vertices other than vertices of C . Then we say that
x and y are on opposite sides of C if in every planar drawing of G one of x and y is inside C and the other is outside C .
The dual graph G∗ of a plane graph G is a plane graph whose vertices correspond to the faces of G . The edges of G∗
correspond to the edges of G as follows: if e is an edge of G with face g on one side and face g′ on the other side, then
there is an edge between the vertices of G∗ which correspond to g and g′ . For a vertex or face x of G , we denote the
corresponding face or vertex of G∗ by x∗ . For each vertex f ∗ of G∗ , the edges incident to f ∗ appear around f ∗ in the same
cyclic order as their corresponding edges appear on the boundary of f .
For a cycle C in a plane-embedded graph G , G(C) denotes the plane-embedded subgraph of G consisting of C together
with all elements inside C . The boundary of the outer face of G(C) is C . If C ′ is a cycle of G(C), then G(C,C ′) is the plane-
embedded subgraph of G(C) formed by deleting all the elements in the interior of C ′ . That is G(C,C ′) consists of C and C ′
together with the elements of G lying between them.
1.2. fh-drawings
For a plane graph G and two faces f and h of G an fh-drawing of G , is a type-2 rectangular-radial drawing of G such
that f is the outer face and h is the inner face.
770 M. Hasheminezhad et al. / Computational Geometry 43 (2010) 767–780Fig. 4. (a) Graph G has no rectangular drawings and no rectangular-radial drawing with inner face g and outer face f . (b) A rectangular-radial drawing of
G with inner face h and outer face f .
Fig. 5. This graph does not have any fh-drawing, although it has no fh-bad cycles.
As we mentioned earlier, rectangular-radial drawings are topologically drawings on a cylinder. Therefore, the inner face
and the outer face are topologically interchangeable and so a plane graph G has an fh-drawing iff G has an hf -drawing.
The choice of inner face and outer face is very important in rectangular-radial drawings. The graph shown in Fig. 4
has no f g-drawing but it has an fh-drawing. That is why we raised questions (1), (2) and (3) in the introduction. In the
following sections, we will show how to answer these questions in linear time for cubic graphs.
Let Γ be a type-2 rectangular-radial drawing of a graph G with inner face h and outer face f on the same side of a
cycle C . Let P and Q be the farthest and closest subpaths to S in the drawing of C in Γ . Each of the end vertices of P and
Q is incident to an f -leg of C . So C has at least four f -legs (see the cycle shown with thick lines in Fig. 1).
Let f and h be faces of a plane graph G and let C be a cycle of G . Then C is called an fh-bad cycle if f and h are on the
same side of C and C has less than four f -legs. The above discussion proves that if G has an fh-drawing then it does not
have any fh-bad cycle. The graph in Fig. 5 shows that having no fh-bad cycle is not enough for a plane graph G to have an
fh-drawing, but in the next section, we will prove that having no fh-bad cycle is enough for a cubic plane graph G to have
an fh-drawing.
2. Rectangular-radial drawings of cubic plane graphs with prescribed inner face and outer face
Let f and h be faces of a connected cubic plane graph G . Denote the boundary of f with C f and the boundary of h
with Ch . If G has an fh-drawing, then for each bridge e of G , if g is the face with e on its boundary (note that there is just
one face containing e), then g should be drawn as a rectangle with exactly one radial segment which is e (see Fig. 6(a)).
Therefore g is a bicycle face which is different from f and h. The boundary of g consists of e and two cycles Ce and C ′e .
Suppose Ce is the outer cycle. Let ge be the face of Ge = G(C f ,Ce) with boundary Ce , and g′e be the face of G ′e = G(C ′e,Ch)
with boundary C ′e . Then Ge has an f ge-drawing and G ′e has an g′eh-drawing. In the remainder of this paper, we will use
these notations for all bicycle faces.
Let G be a plane-embedded graph. A face of G which is adjacent to the outer face is called a boundary face. The set of
all edges belonging to exactly one boundary face and not belonging to the outer face is denoted by ς(G).
The following theorem gives a necessary and suﬃcient condition for a cubic plane graph with two designated faces f
and h to have an fh-drawing.
Theorem 2. Let G be a connected cubic plane graph, and let f and h be two faces of G. Then G has an fh-drawing iff G does not have
any fh-bad cycles.
Proof. The discussion in the previous section proves the necessity.
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Fig. 7. Illustration of case (1) in Theorem 2.
To prove the suﬃciency, suppose G has no fh-bad cycles. If G is not biconnected, let e be a bridge of G and g be the
face including e. If we embed G in the plane with outer face f , then face g is a bicycle face with two cycles Ce and C ′e
such that h is in the interior of both of them, since otherwise G will have at least two cycles with less than four f -legs and
with no common faces (see Fig. 6(b)). Suppose C ′e is in the interior of Ce . Considering the hypothesis, Ge and G ′e have no
f ge-bad cycles and g′eh-bad cycles, respectively. Taking this approach recursively, we can order the components G1, . . . ,G
of G after its bridges are removed in such a way that Gi is in the interior of an internal face of Gi−1, i = 2, . . . , . Let f i be
the outer face of Gi for i = 1, . . . , , and let hi be the internal face of Gi incident to a bridge for i = 1, . . . , − 1 and hl be h.
Then G1 and G are loops or biconnected graphs, Gi is a biconnected graph for i = 2, . . . ,  − 1, and Gi has no f ihi-bad
cycles for i = 1, . . . , . Graph G has an fh-drawing iff Gi has an f ihi-drawing for i = 1, . . . , . So, it is enough to prove the
suﬃciency for biconnected cubic plane graphs.
Suppose that G is biconnected. Embed G in the plane with outer face f . Denote the boundaries of f and h by C f and Ch ,
respectively, and consider the following cases:
1. C f and Ch have a common edge.
2. Case (1) does not happen but there is a face g that is adjacent to both f and h.
3. Neither case (1) nor case (2) happens.
Case (1): G cannot be a cycle because of being cubic. So C f and Ch are not identical and the segments of C f and Ch
between two consecutive common vertices form a cycle with two f -legs (see Fig. 7) which is an fh-bad cycle. Absence of
fh-bad cycles proves that this case does not happen.
Case (2): Since G has no fh-bad cycles, the common boundary of g and f is connected, and similarly for g and h. Insert
a vertex u on the common boundary of g and h and insert a vertex v on the common boundary of g and f . Also insert
two edges e and e′ between u and v . By separating the ends of these edges as in Fig. 8, we obtain a biconnected plane
graph G ′ with vertices of degree 3 except for four vertices on the outer face. Since G has no fh-bad cycle, the conditions of
Theorem 1 hold for G ′ . We can transform a rectangular drawing of G ′ to an fh-drawing of G .
Case (3): Since G is cubic and has no fh-bad cycles and none of the cases (1) and (2) happens, each boundary face shares
exactly one edge with f . Deﬁne f1, f2, . . . , fk = f1 to be the boundary faces in cyclic order. The absence of fh-bad cycles
implies f i ∩ f j is empty for j = i − 1, i, i + 1. Therefore, ς(G) induces a cycle C which has no common edge with C f or Ch .
Let G f = G(C f ,C) and Gh = G(C,Ch). Let g1 be the face of G f with boundary C and g2 be the face of Gh with bound-
ary C . It is clear that G f has no f g1-bad cycles. If Gh has g2h-bad cycles they must have connected intersection with C .
We will construct two cycles C ′ and C ′′ such that the following conditions hold:
a) C ′ and C ′′ are disjoint from C f and Ch and G(C ′′) ⊆ G(C ′).
b) Let G ′ = G(C f ,C ′) and G ′′ = G(C ′′,Ch). If g′ is the face of G ′ whose boundary is C ′ and g′′ is the face of G ′′ whose
boundary is C ′′ , then G ′ has no f g′-bad cycles and G ′′ has no g′′h-bad cycles.
c) By removing the common edges of C ′ and C ′′ from the graph G(C ′,C ′′), we obtain some isolated vertices and t com-
ponents G1,G2, . . . ,Gt such that for each i, i = 1, . . . , t , the boundary of the outer face of Gi is a cycle with exactly
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Fig. 9. Illustration of case 3 in Theorem 2.
four f -legs in G: two f -legs on C ′ ∩ C ′′ , one f -leg inside C ′′ and one f -leg outside C ′ . Noting that the vertices of this
boundary incident with f -legs are vertices of degree 2 on the outer face of Gi , the conditions of Theorem 1 hold for Gi .
Consider the maximal g2h-bad cycles C1,C2, . . . ,Cl of Gh where an g2h-bad cycle is maximal if it does not lie in Gh(Cˆ)
for a different g2h-bad cycle Cˆ of Gh . (Note that two different maximal g2h-bad cycles cannot intersect.) For each Ci denote
the outer face of G(Ci) with f i .
We construct C ′ and C ′′ by the same technique as Rahman et al. used in [10]. If an edge e of C does not belong to any
of C1,C2, . . . ,Cl then e belongs to both C ′ and C ′′ . Consider the following different cases for Ci , i = 1, . . . , l:
i) If Ci has two g2-legs in Gh then C ′ and C ′′ include the edges of Ci that are not on C (C1 in Fig. 9).
ii) If Ci has three g2-legs in Gh and exactly four f -legs in G , then C ′ includes the edges of Ci that belong to C , and C ′′
includes the other edges of Ci (C2 in Fig. 9).
iii) If Ci has three g2-legs in Gh , more than four g2-legs in G and G(Ci) has no cycle with less than four f i-legs that is not
an g2h-bad cycle of Gh , then C ′ and C ′′ include the edges of Ci that are not on C (C3 in Fig. 9).
iv) If Ci has three g2-legs in Gh , more than four f -legs in G and G(Ci) has some cycles with less than four f i-legs which
are not g2h-bad cycles of Gh , then there must be a unique maximal such cycle; call it C ′i . In this case, C
′ includes the
edges in exactly one of Ci and C ′i but not in C , and the edges in all of Ci , C
′
i and C , and C
′′ includes all edges in Ci but
not in C (C4 and C5 in Fig. 9).
C ′ and C ′′ satisfy conditions (a), (b) and (c). Let Γ ′ be an f g′-drawing of G ′ , Γ ′′ be an g′′h-drawing of G ′′ , and Γi be a
type-1 rectangular-radial drawing of Gi for i = 1, . . . , t .
For given i, i = 1, . . . , t , let a, b, c and d be the four degree 2 vertices of Gi : a and c are on both C ′ and C ′′ , b is on C ′′
and d is on C ′ . We can ﬁt Γi between Γ ′ and Γ ′′ in two ways shown in Fig. 10.
If k > 1 we can arbitrarily choose one of the two ways to ﬁt each of them but we should not choose the same way for
all of them. By not choosing the same way for all of them, we can arrange the lengths of the edges. So the Γi ’s ﬁt between
Γ ′ and Γ ′′ .
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Fig. 11. Illustration of ﬁtting Γ1 between Γ ′ and Γ ′′ .
Consider the case when k = 1. Because of the biconnectivity of G , C ′′ has at least one vertex of degree 3 other than b
in G ′′ and also one vertex of degree 2 other than a and c. We choose a degree 2 vertex d′ = a, c and a degree 3 vertex
b′ = b of C ′′ in graph G ′′ such that d′ and b′ are adjacent on C ′′ . Then a, b, c, d′ and b′ can have two different cyclic orders
on C ′′:
(1) a, b, c, d′ , b′ .
(2) a, b, c, b′ , d′ .
When order (1) happens, we ﬁt Γ1 between Γ ′ and Γ ′′ as shown in Fig. 11(a). Otherwise we ﬁt Γ1 between Γ ′ and Γ ′′
as shown in Fig. 11(b). 
In Section 4, we show how to implement this theorem in linear time.
3. Rectangular-radial dual of plane graphs and rectangular-radial drawings without prescribed inner face and outer face
In this section, we deﬁne the rectangular-radial dual of a plane graph and use it to investigate how to answer questions
(2) and (3) mentioned in the introduction.
3.1. Rectangular-radial dual of plane graphs
In an ortho-radial grid, a rectangular-radial dual of a plane graph G is a partition of the plane into a set Φ =
{R1, R2, . . . , Rn} of non-intersecting regions such that the partition satisﬁes the following properties:
1. One of the regions is a disk with center S and one of them is the complement of a disk with center S . The other
regions are rectangles.
2. No four regions in Φ meet at the same point.
3. There is a one-to-one correspondence f : V (G) → Φ such that two vertices u and v are adjacent iff their corresponding
regions f (u) and f (v) have some boundary in common. Each connected part of the common boundary corresponds to
a different edge of G .
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4. The cyclic order of the rectangles having some common boundary with a given rectangle corresponds to the embedding
of G .
Fig. 12 shows a graph G and a rectangular-radial dual of G . In a rectangular-radial dual, the vertex corresponding to the
disc is called the inner vertex and the vertex corresponding to the complement of a disc is called the outer vertex.
A rectangular dual with similar properties has been deﬁned using ordinary rectangles and has been studied in [1,5–7].
The next lemma presents some necessary conditions for a biconnected plane graph to have a rectangular-radial dual.
Lemma 1. If a biconnected plane graph G has a rectangular-radial dual with vertex y as the inner vertex and vertex x as the outer
vertex then each of the following is true:
1. G is triangulated (i.e., each face is a triangle).
2. If we embed G in the plane such that x is on the boundary of the outer face, then y is inside each proper 2-cycle and 3-cycle of G.
3. Each vertex v of G other than x and y has degree at least 4.
4. x and y are not adjacent.
5. Link(x) and Link(y) are cycles.
Proof. Since no four regions meet at the same point and G is biconnected, graph G is triangulated. Property 2 is true be-
cause we need at least four regions to enclose an area that does not include y, and property 3 holds because v corresponds
to a rectangle in the rectangular-radial dual.
Property 4 holds since G has at least 3 vertices and property 5 is true by the geometric properties of rectangles. 
The following lemma shows the relationship between a rectangular-radial drawing of a cubic biconnected plane graph G
and a rectangular-radial dual of the dual graph of G . It is an immediate result of the deﬁnitions.
Lemma 2. A rectangular-radial drawing of a cubic biconnected plane graph with outer face f and inner face h corresponds to a
rectangular-radial dual of the dual graph G∗ with outer vertex f ∗ and inner vertex h∗ , and vice versa.
Theorem 3. Let G be a biconnected triangulated plane graph, and let x and y be two non-adjacent vertices of G. Embed G in the plane
such that x is on the boundary of the outer face. Then G has a rectangular-radial dual with inner vertex y and outer vertex x iff Link(x)
is a cycle and y is inside each proper 2-cycle and 3-cycle of G.
Proof. The necessity is proved in Lemma 1. To prove suﬃciency, draw G and its dual graph G∗ in the plane such that x∗
is the outer face of G∗ , each vertex v of G is drawn inside the face v∗ , and vice versa, and each edge e of G intersects
only the edge e∗ of G∗ , and vice versa. According to Theorem 2 and Lemma 2, in order to prove the suﬃciency it is enough
to show that y∗ is inside each cycle of G∗ with less than four x∗-legs. Since x and y are not adjacent, x∗ and y∗ have no
common edges. Thus, if C is a cycle in G∗ with less than four x∗-legs, then C does not have common edges with both of x∗
and y∗ , and so one of the following cases happens:
1. C has no common edges with faces x∗ or y∗ .
2. C has common edges with y∗ but not with x∗ .
3. C has common edges with x∗ but not with y∗ .
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In the ﬁrst case, it is easy to see that there is a proper 2-cycle or 3-cycle C ′ in G enclosing C .
According to the hypotheses, y is inside C ′ . Therefore y∗ is in the interior of C (see Fig. 13(a), (b))
If C has a common edge with y∗ then either y∗ is inside C or, as shown in Fig. 13(c), (d), G has a proper 2-cycle or
3-cycle through y. It is in contradiction with the hypotheses.
In the third case, the conﬁguration of Fig. 13(e) does not occur since Link(x) is a cycle, so the exterior of C consists of
the outer face and one other face (see Fig. 13(f)). Since x and y are not adjacent, y∗ is inside C . The case that C has three
x∗-legs is similar (see Fig. 13(g), (h)). 
Theorem 4. Let G be a biconnected triangulated plane graph and let x and y be two non-adjacent vertices of G. Then G has a
rectangular-radial dual with inner vertex y and outer vertex x iff x and y are on opposite sides of each proper 2-cycle and 3-cycle.
Proof. Embed G in the plane such that x is on the boundary of the outer face. Suppose that G has a rectangular-radial dual
with inner vertex y and outer vertex x. By Theorem 3, y is inside each proper 2-cycle or 3-cycle C and Link(x) is a cycle.
Therefore x is in the exterior of C .
In order to prove suﬃciency, it is enough to show that Link(x) is a cycle. Let u1, . . . ,uk be the vertices adjacent to x in
cyclic order. If Link(x) is not a cycle, there are two vertices ui and u j such that uiu j is an edge of G and j = i − 1, i + 1.
Since G is triangulated, if i = j then a proper 2-cycle exits with x on it and if i = j, then a proper 3-cycle exists with x
on it. These are in contradiction to the hypothesis. So Link(x) is a cycle. 
3.2. Rectangular-radial drawing of cubic plane graphs
In this section, we ﬁrst answer question (2) for cubic plane graphs. Let G be a connected cubic plane-embedded graph
with outer face f . A face h is an admissible inner face of G if G has an fh-drawing. The problem is to ﬁnd the set of all
admissible inner faces of G .
Suppose that G is not biconnected, but has a bridge e. If G has an admissible inner face, then the face g including e is a
bicycle face. Considering these statements the next lemma follows.
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We can use Lemma 3 to ﬁnd the admissible inner faces of G , if we know how to ﬁnd the admissible inner faces of a
biconnected cubic plane-embedded graph. The following is an immediate consequence of Lemma 2 and Theorem 3.
Corollary 1. Let G be a biconnected cubic plane-embedded graph with outer face f and let h be a face of G. Then G has an fh-drawing
iff f and h are not adjacent, Link( f ∗) is a cycle, and h∗ is in the interior of each proper 2-cycle and 3-cycle of G∗ .
Corollary 1 provides a linear time algorithm, presented in Section 4, to ﬁnd the set of admissible faces of a connected
cubic plane-embedded graph.
Now we discus the problem when neither the inner face nor the outer face is prescribed. That is, for a connected cubic
plane graph G , we want to ﬁnd the set ζ(G) of all pairs { f ,h} of faces of G such that G has an fh-drawing.
Suppose G is not biconnected, but has a bridge e. If G has two faces f and h such that G has an fh-drawing, then the
face g including e, consists of two cycles Ce and C ′e connected by e. If we embed G in the plane with outer face g , then
one of f and h is an admissible inner face of G(Ce) and the other is an admissible inner face of G(C ′e).
The following is an immediate consequence of Lemma 2 and Theorem 4.
Corollary 2. Let G be a biconnected cubic plane graph, and let h and f be faces of G. Then G has an fh-drawing iff f and h are not
adjacent, and f ∗ and h∗ are on opposite sides of each proper 2-cycle and 3-cycle of G∗ .
According to Corollary 2, to ﬁnd ζ(G) when G is biconnected, we should ﬁnd all pairs {x, y} in the graph G∗ such that
x and y are not adjacent and x and y are on opposite sides of each proper 2-cycle and 3-cycle of G∗ .
The results of this section provide a linear time algorithm, presented in Section 4, to ﬁnd an effective representation of
ζ(G) for a given connected cubic plane graph G .
4. Algorithms
In this section, we present three linear time algorithms. The ﬁrst one ﬁnds an fh-drawing, if there is any, of a connected
cubic plane graph G for two given faces f and h of G . The second algorithm ﬁnds the set of all admissible inner faces h
of a plane-embedded graph G , and the third ﬁnds a compact representation of the set ζ(G) for a connected cubic plane
graph G .
Rahman et al. presented Algorithm DRAW-GRAPH(G) [10]. The algorithm takes a biconnected plane-embedded graph G
such that all of its vertices have degree 3 except for four vertices of degree 2 on the outer face and computes a rectangular
drawing of G , if one exists. In the ﬁrst algorithm of this section we use Algorithm DRAW-GRAPH(G).
Let v be a degree 2 vertex of a graph G with neighbours u and w . Remove v and add edge uw . We call this operation
smoothing v . The graph obtained after smoothing all degree 2 vertices of G is called the smoothed version of G . In a type-2
rectangular-radial drawing, the angles at degree 2 vertices are π and so G has a type-2 rectangular-radial drawing iff the
smoothed version of G does. We use this fact in the following algorithms.
Algorithm R-R.1(G, f ,h)
Input: a connected cubic plane graph G and two faces f and h of G .
Output: an fh-drawing of G if there is any and otherwise ∅.
Begin
1. Embed G in the plane with outer face f .
2. Let B = Proc.bridge(G) and if B is ∅, return ∅.
3. Set (G1,G2, . . . ,Gl) = B . Let f i be the boundary of the outer face of Gi , for i = 1, . . . , l, and let hi be the internal face
of Gi incident to a bridge of G , for i = 1, . . . , l − 1, and let hl be face h. For i = 1, . . . , l, if Proc.drawable(Gi, f i,hi) =
False, then return ∅.
4. For i = 1, . . . , l, if Gi is a loop draw Gi as a circle and let Γi be the resulting drawing; otherwise, let G ′i be the
smoothed version of Gi . Compute Γ ′i = Proc.draw(G ′i, f ′i ,h′i) where f ′i and h′i are the faces of G ′i corresponding to
faces f i and hi in Gi . Let Γi be the drawing of Gi obtained from Γ ′i . Fit these drawings Γi together, convert the
drawing to an fh-drawing of G and return the resulting drawing.
End
Procedure Proc.bridge(G)
Input: a connected cubic plane-embedded graph G .
Output: if we can order the components G1, . . . ,Gl of G after its bridges are removed in such a way that Gi is in the
interior of an internal face of Gi−1, i = 2, . . . , l, then the procedure will return (G1, . . . ,Gl) (see Fig. 14). Otherwise it
will return ∅.
Begin
1. If G has no bridges then return (G).
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2. For each bridge e, if ge is not a bicycle face then return ∅.
3. Order the bridges e1, e2, . . . , el−1 such that G(C ′el−1 ) ⊆ G(Cel−1 ) ⊆ G(C ′el−2 ) ⊆ · · · ⊆ G(Ce1 ) ⊆ G(C0), where C0 is the
boundary of the outer face of G .
4. Return (G(C0,Ce1 ),G(C
′
e1 ,Ce2 ), . . . ,G(C
′
el−1 ,Cel−1 ),G(C
′
el
)).
End
Procedure Proc.drawable(G, f ,h)
Input: a biconnected plane graph G with maximum degree 3 and two faces f and h of G .
Output: True, if G has an fh-drawing and False otherwise.
Begin
1. If G is a cycle then return True.
2. Replace G with the smoothed version of G .
3. If G∗ has two vertices connected by more than two edges then return ∅.
4. If a proper 2-cycle or a proper 3-cycle passes through f ∗ then return False.
5. Embed G∗ in the plane with f ∗ on the boundary of the outer face. For each proper 2-cycle or a proper 3-cycle C of
G∗ , if h∗ is not inside C , then return False.
6. Return True.
End
Procedure Proc.draw(G, f ,h)
Input: a biconnected cubic plane graph G and two faces f and h of G such that G has an fh-drawing.
Output: an fh-drawing of G .
Begin
1. Embed G in the plane with outer face f .
2. If there is a face g that is adjacent to both f and h, then produce graph G ′ explained in Theorem 2. Compute
Γ = DRAW-GRAPH(G ′). Transform Γ to an fh-drawing of G and return it.
3. Let C be the cycle with edges in ς(G). Adopt the notation in the proof of Theorem 2. Construct C ′ and C ′′ , then,
for each Gi , compute Γi = DRAW-GRAPH(Gi). Also compute Γ ′′ = Proc.draw(G ′′, g′′,h) and Γ ′ = Proc.draw(G ′, f , g′).
Then ﬁt the Γi ’s between Γ ′ and Γ ′′ , transform Γ to an fh-drawing of G , and return it.
End
Theorem 5. Let G be a cubic plane graph, and let f and h be faces of G. Then Algorithm R-R.1 ﬁnds an fh-drawing of G, or proves one
does not exist, in linear time.
Proof. The algorithm clearly implements the proofs of Theorem 2, which establishes its correctness.
For eﬃcient implementation, we maintain the dual graph G∗ throughout the computation, and its relationship to the
original graph. Also, G∗ is imbedded on the integer grid with bounded number of bends per edge using a suitable linear-
time algorithm (such as [14]) so that questions of whether a face or vertex lies inside or outside a speciﬁed short dual-cycle
can be answered in constant time. (The cited algorithm is restricted to simple graphs, but we can add additional dummy
vertices to multiple edges and loops to make the dual graph simple before drawing it, then afterwards convert the new
vertices to bends.)
Execution of Proc.bridge(G) is easy to implement in linear time using a single DFS scan, or otherwise. The fact that the
bridges can be linearly ordered in the manner required can be proved by induction starting at the outer face.
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in G∗ and, if so, return False since h∗ cannot be inside each of the two or more 2-cycles they form. Next we remove one
of each pair of parallel edges then apply the algorithm of [4] to ﬁnd all the 2-cycles and 3-cycles of the remaining simple
graph in linear time. Adding the 2-cycles and 3-cycles which involve one of the deleted parallel edges multiplies the number
of cycles by at most 8. Finally we can test that those cycles which are proper contain h∗ using the grid embedding of G∗ .
Steps 1–2 of Proc.draw are clearly linear, since the recursive call at step 3 only exercises step 1–2 in the new invocation.
Similarly the computation of Γ ′ at step 3 has limited recursive depth due to the fact that there is at least one face of G ′
intersecting both g′ and f . In other words the recursion tree consists of the path generated by the calls Proc.draw(G ′′, g′′,h)
with attached side branches of bounded size.
The computations of ς(G) and C need time linear in the number of vertices on or outside ς(G).
We next address the computation of the maximal g2h-bad cycles. In the dual graph G∗h of Gh , g2h-bad cycles are
associated with certain proper 2-cycles or 3-cycles in passing through the outer face g2 of GS . The number of g2h-bad
cycles (maximal or not) is at most equal to the total size of all the faces of GS adjacent to g2, and a list of the corresponding
2-cycles and 3-cycles in the dual can be computed in that amount of time as follows. First identify the faces adjacent to g2.
Then, for each edge leaving such a face g3 in G∗h , compute the next edge in clockwise order that is incident with g2. An
appropriate 2-cycle then consists of an edge e from g2 to g3, then the edge from g3 to g2 that follows the reverse of e in
clockwise order around g3. Similarly, an appropriate 3-cycle consists of an edge from g2 to a face g3, then an edge from g3
to a second face g4, then an edge from g4 to g2. These choices are restricted in that there is no other edge from g3 or g4
to g2 lying in the interior of the 3-cycle. Short cycles which are not proper or which contain h∗ are rejected.
Now label the edges of C as e1, e2, . . . , ek in cyclic order. For an g2h-bad cycle Z , let P (Z) be the intersection of Z and C ,
and let ν(Z) be the least i such that ei ∈ P (Z). An g2h-bad cycle Z is maximal if P (Z) is not contained in P (Z ′) for any
different g2h-bad cycle Z ′ . To identify the maximal g2h-bad cycles, ﬁrst compute the longest g2h-bad cycle Zi which has
ν(Zi) = i (if any) for each i. Now, iteratively for i = 1,2, . . . ,k in that order, Zi is a maximal g2h-bad cycle if it exists and if
ei is not in P (Z) for an earlier-identiﬁed maximal bad cycle.
The interiors of the g2h-bad cycles C1, . . . ,Cl are easily explored in time linear in their sizes. Therefore, we can ﬁnd C ′ ,
C ′′ and the fragments G1, . . . ,Gt in time proportional to the length of C ′′ , plus the number of vertices outside C ′′ , plus the
total size of the faces incident with the interior of C .
The ﬁtting together of the drawings Γ ′,Γ ′′,Γ1,Γ2, . . . takes time proportional to the size of the boundary of Γ ′′ plus
the total size of Γ ′ and all the fragments Γi .
To see that the linearity of R-R.1 follows, note that the vertices and faces whose numbers or sizes ﬁgure in the running
time of step 3 never play the same role at a deeper level of recursion. 
Algorithm R-R.2(G, f )
Input: a connected cubic plane-embedded graph G with outer face f .
Output: the set of admissible inner faces of G .
Begin
1. Let B = Proc.bridge(G) and if B is ∅, return ∅.
2. Let (G1,G2, . . . ,Gl) = B . For i = 1, . . . , l − 1, if Proc.drawable(Gi, f i,hi) = False, return ∅. ( f i , hi are deﬁned as in
Algorithm R-R.1.)
3. If Gl is a loop return the internal face of Gl .
4. Replace Gl with the smoothed version of Gl .
5. If a proper 2-cycle or a proper 3-cycle passes through f ∗ , return ∅.
6. Embed G∗l in the plane such that f
∗
l is in the boundary of the outer face.
7. Return {h | h∗ ∈ Proc.2(G∗l ) and his a face non-adjacent to f }.
End
Procedure Proc.2(H)
Input: a biconnected plane-embedded graph H whose internal faces have size at least three.
Output: the set of all vertices of H which are in the interior of all proper 2-cycles and 3-cycles of H .
Begin
1. If H has two vertices joined by more than two edges, return ∅.
2. Set C0 = the boundary of the outer face of H .
3. For each proper 2-cycle C of H , if H(C) ⊆ H(C0) set C0 = C otherwise if H(C0) is not a subgraph of H(C), return ∅.
4. For each proper 3-cycle C of H , if H(C) ⊆ H(C0) set C0 = C otherwise if H(C0) is not a subgraph of H(C), return ∅.
5. Return {g | g is a vertex inside C0}.
End
Theorem 6. Algorithm R-R.2 ﬁnds the set of admissible inner faces of a plane-embedded graph G in linear time.
Proof. We can ﬁnd all proper 2-cycles and 3-cycles of graph G∗ in linear time by using the algorithm given in [4], modiﬁed
as described in the proof of the previous theorem. Also as in that theorem, we can use a drawing of G∗ with bounded
bends on the integer grid to test if G∗(C1) ⊆ G∗(C2) for two 2-cycles or 3-cycles.
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the other. Therefore, if there are vertices in the interior of all proper 2-cycles, these vertices are exactly those in the interior
of one innermost proper 2-cycle. The computation at step 3 of Proc.2 ﬁnds this innermost 2-cycle (if it exists).
For two proper 3-cycles, the additional possibility exists that the intersection of their interiors is the interior of a proper
2-cycle, but since step 4 begins with C0 equal to the innermost proper 2-cycle (or the outer face boundary if there is not
any proper 2-cycle), the same logic shows that the result is the intersection of the interiors of all proper 2-cycles and
3-cycles. 
Algorithm R-R.3(G)
Input: a connected plane cubic graph G .
Output: ζ(G).
Begin 1. If G∗ has no loops, return {{ f ,h} | f ,h ∈ Proc.3(G∗)}.
2. Let e be a bridge of G and g be the face including e. If g does not consist of e and two distinct cycles, return ∅.
3. Embed G in the plane with outer face g . Let Ce and C ′e be the two cycles of face g . If Ce is a loop, set A ={the face inside Ce}; otherwise, set A = R-R.2(G ′, g′), where G ′ is the smoothed version of G(Ce) and g′ is its outer
face. Similarly deﬁne A′ from C ′e . Return {{ f ,h} | f ∈ A and h ∈ A′}.
End
Procedure Proc.3(H)
Input: a biconnected triangulated plane graph H .
Output: {{ f ∗,h∗} | { f ∗,h∗} ∈ ζ(H∗)}.
Begin
1. Embed H in the plane and let C0 be the boundary of the outer face. If H has two vertices joined by more than two
edges, then return ∅.
2. If H has no proper 2-cycle or 3-cycle, return {{ f ∗,h∗} | f and h are two non-adjacent vertices of H}.
3. If H has a proper 2-cycle C , embed H(C0,C) in the plane such that C is the boundary of the outer face and return
{{ f ∗,h∗} | f ∈ Proc.2(H(C)) and h ∈ Proc.2(H(C0,C))}.
4. Let C be a proper 3-cycle of H . Embed H(C0,C) in the plane such that C is the boundary of the outer face and
return {{ f ∗,h∗} | f ∈ Proc.2(H(C)) and h ∈ Proc.2(H(C0,C))}.
End
The size of the output of Algorithm R-R.3 may be quadratic in the size of G , so linear time is impossible in principle.
However, it is still worth noting that an effective linear representation of the output is computed in linear time.
Theorem 7. Let G be a plane graph. Then in linear time, Algorithm R-R.3 either identiﬁes two sets F f , Fh of faces such that ζ(G) =
F f × Fh, or proves that ζ(G) = {{ f ,h} | f and h are non-adjacent faces of G}.
Proof. The algorithm implements Corollary 2. The correctness of the details are proven using the same logic as in the
previous theorem. 
5. Final remarks
In this paper, we deﬁned rectangular-radial drawings, characterized connected cubic plane graphs that have rectangular-
radial drawings, and provided linear time algorithms. We established that a cubic plane graph G has a type-2 rectangular-
radial drawing iff it has non-adjacent faces f and h such that G has no fh-bad cycles. The graph given in Fig. 5 shows that
the results of this paper do not hold for non-cubic graphs. In [9] a necessary and suﬃcient condition is given for a plane-
embedded graph to have a rectangular drawing. There are some examples which show that the necessary and suﬃcient
condition of [9] do not hold for rectangular-radial drawings. So, the problem of rectangular-radial drawing for plane graphs
with maximum degree 4 is left for future work.
As we know rectangular-radial drawings are an extension of rectangular drawings to drawings on a cylinder. Extending
rectangular drawings to other surfaces seems interesting too [2]. Of particular interest is the torus, since such drawings
correspond to rectangular tilings of the plane, see [8].
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